AD 


AD-A250  004 


TECHNICAL  REPORT  ARCCB-TR-920U 


WRAPPABILITY  OF  CURVES  ON  SURFACES 


ROYCE  W.  SOANES 


US  ARMY  ARMAMENT  RESEARCH, 
DEVELOPMENT  AND  EN6INEERIN6  CENTER 

CLOSE  COMBAT  ARMAMENTS  CENTER 
BEN^T  LABORATORIES 
WATERVLIET,  N.Y.  12189-4060 


APPROVED  FOR  PUBLIC  RELEASE;  DISTRIBUTION  UNLIMITED 


92  5 


14  0  31; 


92-12913 

ililllill 


DISCLAIMER 

The  findings  in  this  report  are  not  to  be  construed  as  an  official 
Department  of  the  Army  position  unless  so  designated  by  other  authorized 
docuanents . 

The  use  of  trade  nameCs)  and/or  manufacturer(s)  does  not  constitute 
an  official  indorsement  or  approval. 


DESTRUCTION  ^NOTICE 

For  classified  documents,  follow  the  procedures  in  DoD  5200. 22-M, 
Industrial  Security  Manual,  Section  11-19  or  DoD  5200. 1-R,  Information 
Security  Program  Regulation,  Chapter  IX. 

For  unclassified,  limited  doctunents,  destroy  by  any -method  that  will 
prevent  disclosure  of  contents  or  reconstruction  of  the  document. 

For  unclassified,  unlimited  documents,  destroy  when  the  report  is 


no  longer  needed.  Do  not  return  it  to  the  originator. 


REPORT  DOCUMENTATION  PAGE 

Form  Approved 

0MB  No.  0704-0188 

buaNc>«nenifl9biirean<orttincoU«ctionof  infonranon  itewnwtMto  warag*  I  Hour  oar  mponw.  indublng  the  bin*  for  raviawing  untniciiora.  saaroung  auiang  dausourcaa. 
gaOianngand  iwaimaimng  tha  data  naaJad.  and  eomplaong  and  raviawmg  iha  rotlaaion  of  infocmanen.  Sand  commano  ragardbig  tMi  burdan  attmatt  or  any  otiiar  aioact  of  bm 
rodamnn  of  Information,  including  tuggawlona  for  radudng  tun  burdan.  lo  Waalungtan  naa«lquartara  Sarwcaa.  Oiractorata  rar  information  Oparationt  and  naoorta.  li IS  jaffaraon 
OavaHi^n^.  Suita  1204.  ArNngm.  VA  22202-4302.  and  to  twa  Qffica  of  Managamant  and  Oudgat.  Aaparworlc  Waductlon  froiact  (OTOAeiOit.  Waahingtoo.  DC  20S03. 

1.  A6ENCY  USE  ONLY  (LtiV9  btank)  2.  REPORT  DATE  3.  REPORT  TYPE  AND  OATES  COVERED 

March  1992  Final 

4.  TITLE  AND  SUBTIUE 

WRAPPABILITY  OF  CURVES  ON  SURFACES 

5.  FUNDING  NUMBERS 

AMCMS:  6126. 24.H190. Oil 
PRON;  1A07Z0CBNMSC 

6.  AUTHOR(S) 

Royce  W.  Soanes 

7.  PERFORMINO  ORGANIZATION  NAME(S)  AND  AOORESS(ES) 

U.S.  Army  ARDEC 

Benet  Laboratories,  SMCAR-CCB-TL 

Watervliet,  NY  12189-4050 

8.  PERFORMING  ORGANIZATION 

REPORT  NUMBER 

ARCCB-TR-92012 

9.  SPONSORING /MON  )RING  AGENCY  NAME(S)  AND  AOORESS(ES) 

U.S.  Army  ARDhC 

Close  Combat  Armaments  Center 

Picatinny  Arsenal,  NJ  07806-5000 

10.  SPONSORING /MONITORING 

AGENCY  REPORT  NUMBER 

11.  SUPPUMENTARY  NOTES 

Presented  at  the  Eighth  Army  Conference  on  Applied  Mathematics  and  Computing, 

Cornell  University,  Ithaca,  NY,  19-22  June  1990. 

Published  in  Proceedinjrs  of  the  Conference. 

12a.  DISTRIBUTION /AVAILABIUTY  STATEMENT 

Approved  for  public  release;  distribution  unlimited. 

12b.  DISTRIBUTION  CODE 

13.  ABSTRACT  (Miximum  200  wonts) 

In  this  report,  conditions  are  derived  under  which  a  path  on  a  general  smooth 
surface  is  wrappable  or  capable  of  receiving  an  essentially  one -dimensional 
flexible  filament  under  tension  that  clings  to  the  surface  throughout  its  length 
and  does  not  slip.  Wrappability  considerations  are  of  practical  importance  in 
the  fabrication  of  filament-wound  con^osite  pressure  vessels,  for  instance. 

The  general  wrappability  conditions  derived  are  applied  to  two  special  cases: 
general  cylinders  and  general  surfaces  of  revolution. 

14.  SUBJEa  TERMS 

Filament  Winding,  Sui 
Revolution,  Differeni 
Geodesic,  Vector  Ana] 

rface.  Pressure  Vessel,  Surface  of 
:ial  Geometry,  Frame,  Curvature, 

Lysis 

15.  NUMBER  OF  PAGES 

16 

16.  PRICE  CODE 

17.  SECURITY  CLASSIPKATION 
OP  REPORT 

UNCLASSIFIED 

18.  SECURITY  CLASSIFICATION 

OF  THIS  PAGE 
UNCLASSIFIED 

19.  SECURITY  CLASSIFICATION 
OF  ABSTRACT 

UNCLASSIFIED 

20.  UNHTATION  OF  ABSTRACT 

UL 

MSN  7S«M)1-280-S500  Standard  Form  298  (Rev  2-89) 


I'rwaibva  by  ANil  $M.  239-i| 

m-102 


TABLE  OF  CONTENTS 

Page 


ABSTRACT .  1 

INTRODUCTION  . 1 

PREUMINARIES  .  1 

WRAPPABILITY  CONDITION  I  -  NO  UFTOFF .  2 

WRAPPABILITY  CONDITION  II  -  NO  SLIPPAGE .  5 

REFERENCES .  15 


Aooesslon  For 

RTIS  GRA&I 
DTIC  TAB 
Unannounced 
Justlflcatlo 

□ 

□ 

_ 

Dlstrlbutloa/ 

ATailablllty  Cedes 

01st 

1^' 

Avail 

Spec 

ind/or 

kal 

i 


HRAPPABZLITY  OP  CURVES  ON  SURFACES 


Royce  W.  Soanes 

U.S.  Army  Armament  Research,  Development,  and  Engineering  Center 
Close  Combat  Armaments  Center 
Benet  Laboratories 
Watervliet,  NY  12189-4050 


ABSTRACT .  In  this  paper,  conditions  are  derived  under  which  a  path  on  a 
general  smooth  surface  is  wrappable  or  capable  of  receiving  an  essentially  one¬ 
dimensional  flexible  filament  under  tension  that  clings  to  the  surface 
throughout  its  length  and  does  not  slip.  Wrappability  considerations  are  of 
practical  importance  in  the  fabrication  of  filament-wound  composite  pressure 
vessels,  for  instance.  The  general  wrappability  conditions  derived  are  applied 
to  two  special  cases:  general  cylinders  and  general  surfaces  of  revolution. 


INTRODUCTION.  Imagine  a  rotating  spindle  accepting  string  from  some  deliv¬ 
ery  point  which  moves  parallel  to  the  axis  of  the  spindle.  This  is  the  essence 
of  the  filament  winding  process  where  the  "string”  is  replaced  by  a  band  of 
epoxy  impregnated  fiber  glass,  for  instance;  layer  upon  layer  of  this  filament  is 
evenly  laid  down;  and  the  whole  thing  is  ultimately  cured  or  baked  into  a 
filament -wound  composite  structure  -  often  a  pressure  vessel.  The  spindle  or 
mandrel  is  designed  so  that  it  may  be  broken  down  into  parts  and  removed  sub¬ 
sequent  to  curing,  leaving  only  the  wrappings  embedded  in  the  matrix  material. 
This  paper  considers  the  question  of  how  the  winding  or  wrapping  process  is 
limited  by  the  differential  geometric  nature  of  the  mandrel's  surface. 


PRELIMINARIES.  Begin  with  point  P  in  three  space: 


P  =  iX  +  jY  +  kZ 

Restrict  P  by  parameterizing  with  respect  to  x  and  9,  defining  a  surface  S 
embedded  in  three  space: 


X  =  X 


Y  =  r(x,0)sin  9 


Z  a  r(x,0)cos  9 

where  r(x,0)  is  the  radius  of  the  surface.  We  require  r  to  be  sufficiently 
smooth,  positive,  and  Zx  periodic  in  9,  making  S  a  closed  surface  with  an  inside 
and  an  outside.  If  P  is  further  restricted  by  defining  9  in  terms  of  x,  P  will 
lie  on  a  curve  or  path  embedded  in  the  surface  S. 

Let  (  )'  denote  let  s  denote  distance  along  curve  c.  The 

tangent  vector  t  to  curve  c  is 
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A  family  of  vectors  tangent  to  surface  S  at  point  P  is 


dP  =  Pydx  +  Pgde  »  dx  +  51  d0 

Two  independent  vectors  spanning  the  tangent  space  at  P  are  therefore  Py  and  Pq. 
Now  form  the  vector  cross  product  of  Px  and  Pg  to  obtain  v,  a  vector  normal  to 
the  surface  and  pointing  away  from  the  outside  of  the  surface. 

u  *  Px  X  Pq 

WRAPPABILITY  CONDITION  I  -  NO  LIFTOFF.  Now,  in  order  for  c  to  be  a  wrap- 
pable  curve  on  surface  S,  it  is  necessary  for  a  length  of  flexible  filament 
under  tension  to  cling  to  c  and  S.  In  order  for  this  clinging  to  take  place,  it 
is  necessary  for  c  to  see  the  outside  of  S  as  being  convex.  This  will  be  the 
case  only  if  the  curvature  vector  of  c  points  away  from  the  inside  of  the  sur¬ 
face.  It  is  therefore  necessary  that  the  inner  or  dot  product  of  v  and  ic  be 
negative  for  clinging  to  take  place.  Now, 

y.K  =  w.(P'*-ts")(s')-* 

but 

y.t  a  0 

therefore, 

VK  a  wP"(s')"* 

and  since  only  the  sign  of  vk  matters  here,  the  function  \  is  defined  as 

X  a  y • P" 

When  X  is  positive,  a  filament  under  tension  tends  to  lift  off  the  surface  and 
form  a  bridge  between  two  distant  points;  when  X  is  negative,  the  filament  tends 
to  cling  to  the  surface. 

Now,  the  evaluation  of  X  in  terms  of  x,  8,  and  r  is  outlined. 
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First, 


P'  -  Px  ♦  Pee’ 
and 

P"  *  Pxx  +  2Pxee'  ♦  Pee®'*  +  Pe®" 
but  Pe  is  in  the  tangent  space,  so 

y.Pg  m  0 

Hence, 

X  a  y«p"  »  w*Pxx  *  2y*Pxe®’  *  '^•Pee®'* 

Note  that  a11  the  inner  products  defining  X  are  determined  at  a  point  on  the 
surface  independently  of  the  curve  c  and  that  the  only  thing  that  changes  X  at  a 
point  is  the  direction  of  c  determined  by  0'.  Therefore,  all  curves  with  the 
same  direction  through  a  given  point  on  the  surface  have  the  same  value  of  X  at 
that  point. 

Continuing  the  evaluation  of  y‘P"  we  have 

Px  *  ■‘♦j^x  ♦  kZx 
P9  *  J^0  •'20 

y  «  PxxP0  »  i(YxZ0-Y0Zx)  -  jZ0  +  kYg 
Pxx  *  j'^^xx  *^2xx 
Px6  ■  j^xO  1^2x0 
P90  *  jY00  +  kZ00 

The  dot  products  in  X  are  therefore 

w*Pxx  *  ^S^xx  “  20Yxx 
y*Px0  a  Y0Zx0  “  Z0Yx0 
W’PeO  *  ^9^00  -  Z0Y00 

Obtaining  the  partials  in  these  dot  products 

Y  a  r  sin  0 
^x  “  Yrx/r 
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Ye  -  YPe/r  ♦  z 
Yxx  ■  YPxx/f* 

Yx0  »  (Yrx0+Zrx)/P 
Y90  ■  {Y(r0e“'’)  +  2Zr0}/p 
Z  *  r  cos  9 
Zx  -  ZPx/r 
Ze  »  ZP9/P  -  Y 
Zxx  *  ZPxx/** 

Zxe  *  (Zrxe“Yrx)/P 
Zee  •  {z(re0’'*)  "  ZYrel/p 
The  dot  products  then  become 


y.Pxx  *  rPxx 

U«Pjj0  a  ppjjg  -  PjjPg 

WP90  *  rpee  -  2re»  -  p* 

Hence, 


X  »  pPxx  ♦  2(prx0-rxre)0'  +  {rP9e-2P9*-p* )0' * 

»  30’*  +  2b0'  +  c 

Z  Z 

*  a(0'  +5)  +  c  -  5 

It  is  clear  that  the  sign  of  X  is  completely  independent  of  0'  at  points 
for  which  ac  >  b*.  Hence,  any  curve  is  wrappable  where  ac  >  b*  and  a  <  0,  but 
the  surface  is  unwrappable  if  ac  >  b>  and  a  >  0  anywhere.  If  ac  <  b*,  some 
curves  will  be  wrappable  and  others  won't.  In  any  case,  given  the  radius  func¬ 
tion  p,  its  partial  derivatives  at  a  point,  and  the  direction  of  a  curve  through 
that  point,  one  can  immediately  compute  whether  or  not  a  taut  filament  following 
the  curve  will  tend  to  lift  from  the  surface. 

Consider  two  special  cases.  For  a  surface  of  revolution,  re  =  0. 

Therefore,  X  =  rr”  -  (r0')*  [1].  If  r"  <  0  everywhere,  all  curves  on  the 
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surface  of  revolution  are  Mrappable.  Points  for  which  r”  >  0  are  also  wrappable 
for  curves  with  9'  sufficiently  large.  No  surface  of  revolution  is  unwrappable 
in  the  sense  of  liftoff. 

For  a  cylinder,  Tx  *  0,  and 

X  *  a9'*  =  (rre0-2re*-r«)e’* 

Hence,  every  curve  on  a  cylinder  is  wrappable  if  a  <  0  everywhere,  but  if  a  >  0 
anywhere,  the  cylinder  is  unwrappable. 

In  this  section  the  phrase  "is  wrappable"  has  meant  "does  not  experience 
filament  liftoff  or  bridging  during  winding."  In  the  next  section,  the  defini¬ 
tion  of  "wrappable"  is  augmented  by  considering  friction  between  filament  and 
surface. 

WRAPPABILITY  CONDITION  II  -  NO  SLIPPAGE.  If  there  were  no  friction  between 
filament  and  surface  (or  between  filament  and  filament  since  the  surface  is 
filament  after  the  first  layer  is  laid  down),  there  would  be  only  one  type  of 
path  along  which  one  might  wind  filament  without  the  filament  slipping  -  a  path 
with  no  transverse  (tangent  to  the  surface  and  perpendicular  to  the  filament) 
forces  acting  on  the  filament  -  a  path  which  curves  neither  left  nor  right  in 
the  surface  -  a  path  with  zero  geodesic  curvature  -  a  geodesic  path.  If  there 
were  no  friction  available,  and  only  geodesic  paths  could  be  wound,  there  would 
be  no  filament  winding  industry.  In  fact,  for  numerous  reasons,  it  is  seldom  if 
ever  possible  to  wind  along  geodesic  paths  in  practice  [1].  The  geodesic  path 
remains  as  an  ideal,  however,  and  in  this  section  the  degree  of  closeness  to 
this  ideal  is  quantified. 

Let 


a  force  per  unit  length  that  filament  exerts  on  surface  *  tk 

where  t  is  the  scalar  tension  in  the  filament  and  k  is  the  vector  curvature  of 
the  filament. 

Note  that  the  curvature  vector  can  be  resolved  into  a  component  tangent  to 
the  surface  and  a  component  normal  to  the  surface  k  >  icg  +  Kp  [2]  where  the 
tangent  component  of  k  is  called  the  geodesic  curvature  vector  and  the  normal 
component  is  called  the  normal  curvature  vector. 

The  force  that  a  small  length  of  filament  exerts  on  the  surface  is 

♦dS  ■  TKdS  »  (Kg+Kn)TdS  »  KgTdS  +  JCpTdS 
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NoM,  In  order  to  avoid  slippage  of  this  saall  section  of  fllaaent,  the 
ratio  of  the  aagnitude  of  the  tangent  force  to  the  eagnitude  of  the  normal  force 
should  be  less  than  u,  the  coefficient  of  friction 


iKglTdS 

iKf^irds 


U 


(or  more  precisely,  0  <  o 


since  Me  eant  <  0).  We  call  this 


ratio  of  geodesic  to  normal  curvature  the  slippage  function  a.  This  function 
measures  how  close  a  given  path  comes  to  the  ideal  geodesic  path  (a  a  O).  The 
evaluation  of  a  is  now  detailed.  First,  if  P  is  on  the  surface. 


and 


dP  «  Pxdx  ♦  Pgd® 


ds*  ■  dP»dP  ■  Px'Pxdx*  +  2Px*Pedxde  +  Pg'Pgde* 
»  Edx*  ♦  2Fdxd0  ♦  Gd0* 


Hence . 


(s' )*  «  E  ♦  2Fe'  ♦  G0'» 
for  a  point  on  a  path  on  the  surface. 

We  now  define  a  Cartan  frame  [2-4]  relative  to  the  surface,  i.e.,  an  ortho¬ 
normal  basis  having  two  vectors  tangent  to  the  surface  and  a  third  normal  to  it. 
Let 


-  Px/{Px-Px)’‘ 

-  Px/E’* 
and 


■  PxXPg/IPxXPgl  *  v/Mvt 

but  from  vector  algebra, 

{AxB)«(CxO)  ■  (A*C){B«D)  -  (A*D){B*C) 


Hence , 


(PxXp0)MPx^P0)  - 

*  (Px’Px) (Pfl'P®)  “  (Px’Pe)* 
-  EG  -  F» 
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Th«r«for«, 


•3  ■  PxxPe/(EQ-P‘)^ 

NOM 

®2  - 

»  (PxXp0)xP^/(E’<(EG-F*)’J) 
but  again  froa  vector  algebra, 

(AxB)xC  «  B(A*C)  -  A(B*C) 

Hence, 


(PxxP0)xPx  -  P0(Px*Px)  -  PxfPx'Pe) 

-  EPa  -  FPx 
and 

•2  -  (Ep0-FPx)/(E^(EG-F*)^) 

Mow,  e^  and  02  span  the  tangent  space  (plane)  at  any  point;  therefore,  the  path 
tangent  vector  t  can  be  written 

t  ■  Ae<^  ♦  Be2 

If  t  mkes  an  angle  u  with  e^. 


and 


e^*t  a  A  a  cos  W 


Hence 


e2*t  a  B  a  sin  w 


t  a  cos  V  *■  92  sin  u 

where  u  is  the  angle  between  the  path  and  a  meridian  (9  a  constant).  Now 


<jt  de^  _ ^ 

*  *  ds  *  as"  di"  *■'"  "  *  ^®2  w  -  ei  sin  a)  g 


T  a  egxt 

■  •GxCei  cos  w  ♦  02  sin  u) 
a  02  cos  u  -  e^  sin  w 
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Th«r«for« 


but  since 


one  has 


and  since 


one  has 


dei  deo  hm 

K  •  COS  a  +  z —  sio  w  +  T  2“ 
ds  ds  ds 


dei  de?  hu 

T»k  »  T  •  21’  cos  (i)  +  T  •  2r~  sin  w  +  " 
ds  ds  ds 


We  therefore  have 


e^»e^  *  e2*e2  ■  1 


de^  de2 

®r  ar  “  *2  *  ar 


*1*®2  a  0 


de^  de2 

ar  •  *2  •  -  ar  •  *i 


de^  dfti 

T  •  ag-  a  e2  •  ai'  " 


de2  de2  dei 

ar  ’  ‘*1  *  as"  «  =  *2  •  ai*  " 


Therefore 


de^  dei  cjy 

■  ®2  *  ar  «  +  ©2  •  ar  ai  *  ®2 


du 

ai"  *  5i 


K  a  icg  ■*•  Kp  and  T«iCn  *  0 


hence , 


T»K  a  T*Kg  a  iKgl  a  kg 


and  the  geodesic  curvature  is 


dei  jIq 

kg  .  ®2  .  3--  >  33  .  (e2-ei-  .  a;-)/s- 
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so  kn  oust  be  conputed,  but  nost  of  the  work  has  already  been  done  to  find  kn. 

kn  -  ea-K  *  .  K  .  fy^iTp  *  IvlTF)* 


Therefore, 


<7  = 


e2*ei'  +  u' 

-7  *  I-  - 


s'Ru#, 


At  this  point,  a  few  dot  products  must  be  computed.  We  have  the  identity 

(Pu*Pv)w  ®  Pv'^uw  Pu'^vw 

Letting  v  *  u, 

Pu*Puw  ~  ^(Pu*Pu)w. 

Therefore 

Px*Px©  * 


P9*Pex  *  H6x 


and 


Letting  w  =  u. 


or 


Hence 


Px'PxX  ®  ^^x 

P0*P0©  =  ’i®© 

(P(j*Pv)u  ®  Pv*^uu  ^u'^uv 
=  Py'^uu  H(Pu*^u)v 

Py'^UU  ~  (Pu'^V^U  ~  ^(Pu*P|j)v 

Px’P©©  »  P©  -  HGx 
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and 


P0*Pxx  ■  Px  - 


Recalling 

and  applying  d/dx, 

but 

Therefore 

Now, 


ei  *  PxE-^ 

ei’  *  Px‘E‘^  +  Px(E"’‘)’ 

=  (Pxx+Pxefl')E-’<  +  Px(E*’‘)  = 

®2*Px  *  0 
“  {®2*Pxx‘*’®2*Px0®’ 

®2*Pxx  =»  (EPe-FPx)*Pxx/(E^“v“) 

=.  (E(Fx  -  hSe)  -  F(JiEx>)/(E^«P«) 
®2‘Px0  =  (EP0-FPx)*Px0/(E^lly«) 


=  (E(lsGx)  -  F(JiE9))/(E^By«) 

and  therefore 

e2-ei'  =  {E(2Fx-E0)  -  FEx  +  (EGx-FE0)0' }/(2EHvH ) 
Now,  consider  the  meridian  angle  u 

ei<t  3  cos  0) 

=  Px’t/E’* 


•  Px-S/E* 


*  Px‘P'/(s'eH) 
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-  Px*(Px+Pfl0*)/(s*E’*) 

=  (E+F0')/(s'E’i) 

Therefore, 

Tan  «  - 

E  +  F0' 

{E(E+2F0'+G0'*)  -  (E*+2EF0'+F»0'*))’* 

. ri“F0‘ 


iEG-F*2^e’  ilvl10' 
■i““F0"~  ’  e"+"F0" 


Solving  for  0',  we  have 

e.  , - i-I?".*? - 

(EG-F*)’*  '  F  Tan  w 

Therefore,  a  can  be  computed  in  terms  of  x,  0,  u,  and  w'. 

The  basic  metric  coefficients  in  terms  of  our  parameterization  are  now  com¬ 
puted  : 

P  =  iX  +  jY  +  kZ 
but 

Px  =*  i  +  jYx  +  kZx 
and 


hence. 


Now 


Yx  =  Yrx/r 
Zx  =  Zr^/r 


rx* 

E  a  Px'Px  »  1  +  Yx*  +  Zx*  »  1  ♦  -J-  (Y*+Z*)  a  1  +  rx* 


Pg  =  jYg  +  kZg 


and 


Y0  a  Yr0/r  +  Z 
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Ze  -  ZP0/P  -  Y 


Hence 


Also 


F  *  Px*P0  “  *  ZyZe 


YPy  YPfl  ZPx  ZPfl 

=  +  Z)  +  --2  (-f  -  Y) 


*  (Y*+Z») 

P* 

=  PxPe 


G  =  Pe’Pe  *  Yg*  +  Zq* 

.  !!:§!  ,  iii:i  .  z* 

■  r»  p 

Z*Pfl*  ZYZPfl 

+  —.2 - 2  +  Y* 

r*  r 

a  r*  +  P0* 

Now  some  of  the  mope  impoptant  relations  can  be  summapized: 

X  a  pPxx  +  2(rr^Q-r^rQ)e'  *  (PP90  "  2Pe*-P*) (0* )* 
(s')*  *  E  ♦  2F0'  +  6(0')* 

Hull*  a  EG  -  F* 


a 


s'Hyll  „  , 

— (e2»ei’ 


W  )1 


e2*«i'  »  {E(2Fx-E0)  -  FEx 

+  (EGx  -  FE0)0'}/(2Elvl) 

fl.  , _ E_Tan_« _ 

ay*  -  F  Tan  u 


E  a  1  +  Px* 

F  =  i'xf'0 

G  a  r*  +  re* 
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Now  consider  the  two  special  cases  addressed  before.  First,  the  general 
cylinder  (r^  ■  0): 

E  »  1  ,  F  =  0  ,  G  =  r*  +  r0»  ,  Gx  *  0  »  Ex  » 

auN  -  G^ 

e-  »  ISO." 

gH 

s'  *  (1+Tan*  u)^  »  Sec  u 


X  »  (rr90-2re*-r*) 


Tan*  u 


Sec  u  G^  (■>' 


Tan*  w 

(nr99-2r9*-r* )  - x — 


(r*+r9* )*/*Csc  «  Cot  u  u' 

(rr90-2r9*’r*T 


(P*+Pq*)3/* 

rrge  -  irg*  -  r* 


d 

dx 


(“Csc  «) 


hence, 

(p*+r9»)3/*|  u’  1 
^  “  r*“+“2r9»'-"rP99 

where  u  =  Csc  u.  Note  that  u  =  1  at  turning  points  and  u  >  1  between  turning 
points.  (A  turning  point  is  defined  as  a  point  at  which  9'  »  on  or  i»t  »  0.) 

Also  note  that  at  points  for  which  u'  a  0,  the  path  is  geodesic.  In  addition, 

(7  -  0  if  r90  -  -flo,  while  r9  and  u'  are  bounded.  This  can  be  called  a  "knife 
edge"  condition  where  a  is  zero  due  to  infinite  normal  curvature  instead  of  zero 
geodesic  curvature.  Now,  consider  the  general  surface  of  revolution  (r9  =  0): 

Eal+r’«  ,  FaO,Gar*  ,E9aO=G9 

IwB  a  (EG)^  a  rl^l  ♦  r’* 


E  Tan  u 
■"liwF" 


(I)’*  Tan  u 


e2*ei'  a  EG'9’/(2EIIvH) 


-.91.. 

2(EG)^ 


Tan  u 


G' 
*  2G 


Tan  <0 
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(s*)*  *  E  +  6  •  S  Tan*  u 
u 


s'  =  Sec  (i)  *  (l+p'*)^ec  w 


X  3  rp"  -  pa(9')2  3  rr”  -  pa  .  -  Tan*  u  =  rr"  -  (I+p'*)  Tan*  u 

G 


.!^sc  9  11915  ,9'  Tan  »  *  .a' ) 
pp"  -  E  Tan*  u  2G  ' 


p"  -  d+p'*)  Tan*  «  V  '-ox  ui  w  j 


Now, 


pp 


p'  d  d  d 

--  +  Cot  (i)  u'  3  inp  +  0-  In  Sin  “  =  Sin  b>) 


It  is  cleap  that  if  r  Sin  u  *  constant,  a  will  be  zepo  and  the  path  will  be 
geodesic  (Claipaut). 

One  can  define  a  quasi -geodesic  path  on  a  supface  of  pevolution  by  replacing 
Claipaut's  relation  [2,3,5]  with  r  Sin  w  *  r©  [1]  where  the  function  Pq  has  the 
following  properties: 

•  f‘o(x)  3  p(x)  at  exactly  two  values  of  x  {turning  points),  and 

•  <  r(x)  at  all  points  between  the  turning  points. 

The  function  Pq  is  called  the  polar  radius  function,  because  it  is  the  radius  of 
the  surface  at  the  boundaries  of  the  uncovered  polar  regions  [1].  Now,  u  will 
be  eliminated  in  favor  of  Pq.  Since 

Sin  u  3  -2 
r 


one  has  that 


Sec  u  3 


_ p _ 

(r«-ro*)^ 


Tan  u  3 


_ :o _ 

(r*-Po*)H 


Sec  u  Tan  u  3 


PPO 

r*’-"fo* 
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and 


d  .  ro' 

as  '"'•o  • 

Hence,  one  finds  after  simplification  that 

f**!  fo’l 

<7  *  ———————— 

P*-Po* 

-  rr-(-~~-) 

Note  the  following;  a  *  |  pg'l  at  turning  points;  Pq'  *  0  at  geodesic  points; 

a  =  (--)*]  Po'l  if  P  is  linear;  <t  -  0  if  r"  -  while  r'  and  Pq'  are  bounded 
f*o 

(knife  edge);  and  positivity  of  the  denominator  in  a  implies  that 

,  _ 

^  l+r”*+pp” 


It  has  been  shown  how  the  slippage  function  a  can  be  computed  for  a  general 
closed  surface  (Px^O^rg)  and  what  simplifications  take  place  in  the  F  >  0  cases. 
It  should  be  emphasized,  however,  that  a  is  more  than  just  a  number  to  be  com¬ 
pared  with  the  coefficient  of  friction  u  to  determine  whether  or  not  slippage 
occurs.  The  slippage  function  cr  measures  pointwise  path  quality  and  should 
ultimately  be  usable  to  synthesize  or  define  quality  wrappable  paths  on  general 
closed  surfaces. 
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